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Abstract. Any effective management is accompanied by a solution multi-criteria decision-making problem
(MCDMP). Among the relevant methods and technologies, the Analytic Hierarchy Process has been the leading
efficiency for several decades (AHP), developed by T. L. Saaty. The implementation of AHP consists in determining
local vectors of priorities — normalized weight coefficients (NWC) — at all levels of the hierarchy of the MCDMP being
solved. Their further synthesis leads to a global vector — integrative assessments of the studied alternatives, which
and only which have the systemic property of emergence, which facilitates a thorough choice of the best of them.

Despite the positive results of numerous studies on the application and improvement of AHP, the need to construct
a pairwise comparison matrix (PCM) remains unchanged, the solution of which actually leads to obtaining the
desired priorities-NWC. The specified PCM is built based on direct and inverse linear score estimates-quantitative
equivalents of linguistic inducers of preference (IP). Which is actually an artificial replacement of measurements in
the scoring ranking scale with measurements in the interval scale. Therefore, the corresponding solutions are not
optimal, because linearity is not a property of human thinking and orientation on it can lead to erroneous results.

The ranking of linguistic IRs of the Saaty scale is obvious, therefore, using the mathematical method of
prioritization (MoP), known in systems analysis as the “leader problem”, nonlinear NWCs of all nine IPs, measured
already in an absolute scale unique in qualimetric properties, were obtained. The acceptability for research of the
results of the second iteration of the MoP is justified. The analytical description of the indicated nonlinearity was
carried out in a step scale. It was established that the nonlinearity itself increased the sensitivity of the scale to
the measurement of priority by 16.5 times. Quantitative estimates of the ratio of linguistic IPs associated with the
modifier “very” improved in relation to the indicators of the linear scale: by 20 % for the ratio IP7-1P6, and by 17 %
and 39 % for the ratio IP8—-IP7 and IP8-1P6, respectively. This indicates a greater harmonization of the quantitative
and qualitative adequacy of the Saaty’s scale.

Keywords: decision making, analytic hierarchy process, Saaty’s scale, non-linearity dephasification of llinguistic
indicators of preference, normalized weight coefficient.

INTRODUCTION (Fig. 1) are implemented in a special software

Nowadays, the solution of MCDMP is an objec-
tive reality and an urgent need in any management.
After all, the more different criteria and indicators
that characterize the studied problem situation
(PS) are used, the more comprehensively, and
therefore effectively, this PS is solved. Moreover,
with the use of a wide range of methods, namely
multi-criteria optimization [1-5 and others].

Thus, research and development of MCDMP
technology is a relevant scientific and practical
problem.

STATEMENT OF THE PROBLEM

Most modern methods, technologies, and
procedures for solving and optimizing MCDMPs

environment [1-9, etc.], which makes them unu-
sually attractive to users. Among these methods
and technologies, AHP occupies a special place,
which has been successfully used for a long time to
solve MCDMPs in various fields of human activity:
medicine, management, including government,
education, etc.

AHP and its logical development — the method
of network analysis (Analytic Network Processes,
ANP), proposed by the same T. L. Saaty, have
gained worldwide recognition: today there are
about 17,000 (!) scientific papers devoted to the
development of their practical application, special-
ized journals are published, and an international
congress on the relevant topic is regularly held.
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MODERN METHODS AND
TECHNOLOGIES FOR SOLVING AND
OPTIMIZING MULTI-CRITERION
DECISION -MAKING PROBLEMS

Aggregated Indices Randomization Method (AIRM);

Analytic hierarchy process (AHP);

Analytic network process (ANP);

Balance Beam process;

Best worst method (BWM);

Brown-Gibson model;

Characteristic Objects METhod (COMET);
Choosing By Advantages (CBA);

Conijoint Value Hierarchy (CVA);

Data envelopment analysis;

Decision EXpert (DEX);

Disaggregation— Aggregation Approaches (UTA*,
UTAII, UTADIS);

Rough set (Rough set approach);
Dominance-based rough set approach (DRSA);
ELECTRE (Outranking);

Evaluation Based on Distance from Average
Solution (EDAS);

Evidential reasoning approach (ER);
FITradeoff (www.fitradeoff.org);

Goal programming (GP);

Grey relational analysis (GRA);

Inner product of vectors (IPV);

Measuring Attractiveness by a categorical Based
Evaluation Technique (MACBETH);

Multi-Attribute Global Inference of Quality (MAGIQ);

Multi-attribute utility theory (MAUT);
Multi-attribute value theory (MAVT);
Markovian Multi Criteria Decision Making;
New Approach to Appraisal (NATA);
Nonstructural Fuzzy Decision Support System
(NSFDSS);

Ordinal Priority Approach (OPA);

Potentially All Pairwise RanKings of all possible
Alternatives (PAPRIKA);

PROMETHEE (Outranking);

Simple MultirAttribute Rating Technique (SMART);

Stratified Multi Criteria Decision Making (SMCDM);

Stochastic Multicriteria Acceptability
Analysis (SMAA);

Superiority and inferiority ranking method
(SIR method);

System Redesigning to Creating Shared Value
(SYRCS);

Technique for the Order of Prioritization;
by Similarity to Ideal Solution (TOPSIS);
Value analysis (VA);

Value engineering (VE);

VIKOR method;

Weighted product model (WPM);
Weighted sum model (WSM) etc.

Fig. 1. Methods and technologies for solving multi-criteria decision-making problems

Thus, improving AHP/ANP is a valid way to develop
the theory and practice of MCDMP.

ANALYSIS OF LATEST RESEARCH

AND PUBLICATIONS

Note that all publications devoted to the ap-
plication/optimization of AHP/ANPs are focused on
the construction of PCM, 4=llall the elements of
which are direct and inverse quantitative assess-

ments of linguistic IPs of the corresponding Saati

scale [10-12, etc.]:

ap;; ap e Ao Aapy

dy; Ay ... Ay ... Ay,
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LP[Pk’ lf a; >‘aj
1
where aj; = , 0f a;>a;, (2)
g LP[Pk J 1
1, if i=j

where LP;p — linguistic IP quantitative assessment
mark according to the Saati scale (Table 1).

Table 1

Quantitative assessments of linguistic
indicators Saaty’s scale

Quantitative
Linguistic indicators assessments
1P, -
of preference of priority
levels
1 2 3
IP, | Extreme importance IP;,=9
IPg; | Very, very strong 1P, =8
Very strong or
IP, | demonstrated P, =7
importance
IP; | Strong plus IP; =6
IP; | Strong importance IP; =5
IP, | Moderate plus 1P, =4
IP; | Moderate importance IP; =3
1P2 Weak 1P]2:2
IP; | Equal importance 1P, =1

Solving the PCM contributes to obtaining lo-
cal and general vector priorities, and therefore
the solution of the MCDMP. However, despite the
positive results of applying the AHP/ANP, they are
not optimal.

For example, the linguistic description uses
the modifier “Very” (“Very strong or demonstrated
importance”). Therefore, an adequate transition
IP;,—IP; should occur only under the conditions
of “concentration”, according to the postulates of
fuzzy mathematics, in the expert’s imagination of
the specified priority in the previous IP;. The same
applies to semantic understanding /P (“Very, very
strong preference”), which should take into account
the specified “concentration” in both, /P, and IP;.

The above can be formally presented as fol-
lows:

I, =CON (1) & py, ()= 17, (), (3)

Iy =CON(I;) & uy, ()= uf, ()&=

oy ()= 4t ().

Expressions (3), (4) convincingly indicate the
sig-nificant nonlinearity of the linguistic scale of
the IP, which is presented in column 2 of Table 1.
Moreover, with a clearly pronounced linguistic
transformation of some IPs. Which, in our opinion,
should also be illus-trated by certain quantitative
relationships. However, from column 3 of the same
table we see that quan-titatively we are talking only
about linear LP scores. That in order to ensure the
possibility of carrying out certain mathematical
transformations, the actual mea-surements in the
qualitative ranking (ordering) score scale are artifi-
cially interpreted as measurements in the quantita-
tive interval scale. The result is the actual quanti-
tative assumption of the expert’s li-near thinking,
which determines the degree of priority of the
compared alternatives, objects, phenomena, etc.

Note that linear thinking determines the ex-
pert’s response to the priority of one alternative
over another, directly proportional to the strength
of this priority. Which clearly contradicts the con-
tent and semantic incidences of linguistic assess-
ments of IR (column 2 of Table 1). On the other
hand, linear assessments in a certain way coarsen
the LP measurements.

In light of the above, let us consider the ratio of
quantitative estimates of LP, focusing on expres-
sions (3), (4) and column 3 of Table 1:

LP
LAY (5)

LPp 6

Hin 8114

LPp, 7

b (6)
8133

LPp 6

As we can see, the results (5), (6) clearly do
not quantitatively correspond to the idea of the
“con-centration” of priority, which was discussed
above. Namely. From the ratios IP,— 1P, IPs—1IP;,
connec-ted by the fuzzy operation “concentration”,
the excess over the “basic” IPs (respectively /P,
and [IP,) is established by only 17 % and 14 %. At
the same time, for the ratio IP;—IP,4, when we are
talking about a double “concentration” of priority,
this excess is only 33 %.

Itis also easy to find out (column 3 of Table 1)
that the quantitative assessment of the sensitivity
of priority measurements proposed by T. L. Saaty,
as the ratio of their maximum and minimum levels
LPpp, , is limited and equal to:

LP, max LP, LP,
max( 1P, J: e _=TRy 9 9.  (7)

LPp, | minLPp ~ LPp 1
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In conclusion of this part of our article, we
would like to point out that none of the publications
from their huge spectrum devoted to the applica-
tion/development of AHR and ANP consider the
issue of improving the technology of constructing
PCM by using nonlinear LP estimates. Although
such a need is obvious.

PROBLEM STATEMENT

It seems possible to eliminate the shortcom-
ings of the linear LP assessment scale (column 3 of
Table 1) by providing each IP with a corresponding
nonlinear NWC:

n=9
P, = pip - 0<Pp <1, X B =1.  (8)
k=1

Then the construction of the PCM should be
based on such a transformation of expression (2).

Bip, o a4 -a;

1 .
aij =\, l](‘ aj > a; (9)
B,
L i i=j

We consider it appropriate to use the MoP for
this [11-13, etc.], which is more acceptable for
solving this type of problem.

Based on the above, the purpose of this pub-
lication is to determine the NWC of Saaty’s scale
of IP, using the MoP and presenting it as a holistic
9-point scale. This assumption is somewhat dif-
ferent from the opinion of this respected scientist,
who considers Iy, 15, I5, I3, I, as “basic” IPs and I,
14, 1,, I, as intermediate (“compromise”) ones.

To achieve this goal, the following tasks should
be solved:

¢ to construct and solve the PCM of the IP;

¢ to justify a more acceptable iteration;

¢ to outline ways of further development of the
PCM construction technology.

ESTABLISHING NORMALLY WEIGHTED
COEFFICIENTS FOR SAATI PRIORITY
INDEXES

So, the ordering of the studied IPs Saaty’s
scale is obvious:

IPy = IPy = IP, = IP; = IP; = IP; = IP; = IP, = IP;, (10)
which greatly facilitates the application of MoP.

Let us further break down the ranking (10) into
pairwise comparisons of the studied IPs:

IPy 1Py IPy>IP, IPy>IP IP,) > IP;
IPy>1P; IP,~IP; IPy>IP, IP, > IP,

1Py > IP;
1Py > IP,

IP; > IP;
IP; > IP,

IP; > IP;
IPs > IP,

IP; > IP,

IP, = IB; IP, = IP; IP, >~ IP, IP, > IP;
IP, = IP, IP, > IP,

IP; = IP; IP; = IP, IF; > IP; IP; > IP,
IP; > IP,

IP; = 1P, IP;>IP; IP;>IP, IP;> IP,
1P, = IP; IP, > IP, IP, > IP,

IP; ~ IP, IP; > IP,

P, > IP; .

Next, we construct a square matrix of IP C=||cj|
adjacency (Table 2), giving the following quantita-
tive estimates to the indicators of preference:

2, if IP; IR
0, if IR ~1p;. (11)
Vji=k: 1

NYj=k:
G =

As follows from the results of the first iteration
of the MoP, they are linear and therefore unaccep-
table. Therefore, the application of the MoP was
continued (Table 3).

It is easy to see that at each subsequent itera-
tion, the quantitative assessment of the distance
between the studied linguistic IPs becomes more
and more differentiated, and the values of the es-
tablished NWCs f;p_become more and more non-
linear (Table 3).

From Table 3 we also see that the results of
the | and V iterations of the MoP are clearly un-
acceptable. After all, in the | iteration, as already
noted, linear NWCs were obtained, and the V itera-
tion went from the accepted accuracy of calcula-
tions to the fourth decimal place to a higher level.
As a result ﬂ,k =0, which is also unacceptable.
Figure 2 gives a visual representation of the dy-
namics of differentiation of the sought NWCs of
the IP depending on the MoP iteration.

Analyzing in detail the contents of Table 3 and
Figure 2, we will consider the results of the Il ite-
ration of the MoP to be more acceptable for re-
search purposes. Since, firstly, they are nonlinear;
secondly, they are suitable for the accuracy of the
calculations of the NWC.

Further, in the Microsoft Excel software envi-
ronment, the results of the second iteration of the
MoP were described by the following step function

By, =0.0021-x(1; )7, (12)

which opened up prospects for further analyti-
cal development of the technology of applying
AHR.
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Table 2
Square matrix of incidences (pairwise comparisons) of linguistic priority levels
of the Saaty scale
1P, 1P, 1P; 1P, 1P 1P; 1P, 1P; 1P, 1P, M B p*

1 2 3 4 5 6 7 8 9 10 11 12 13
1P, 1 2 2 2 2 2 2 2 2 17 0,209877 0,2099
1Py 0 1 2 2 2 2 2 2 2 15 0,185185 0,1852
1P, 0 0 1 2 2 2 2 2 2 13 0,160494 0,1605
1P 0 0 0 1 2 2 2 2 2 11 0,135802 0,1358
IP; 0 0 0 0 1 2 2 2 2 9 0,111111 0,1111
IP, 0 0 0 0 0 1 2 2 2 7 0,08642 0,0864
1P; 0 0 0 0 0 0 1 2 2 5 0,061728 0,0617
1P, 0 0 0 0 0 0 0 1 2 3 0,037037 0,0370
1P, 0 0 0 0 0 0 0 0 1 1 0,012346 0,0123

) 81 1 0,9999
Table 3
Results of successive iterations of the
prioritization method
Iterations of the prioritization method
“ToO T o [ wmw ] v

1 2 3 4 5 6
IP, | 0,2099 | 0,2965 | 0,3717 | 0,4364 | 0,4921
IPg | 0,1852 | 0,2311 | 0,2566 | 0,2680 | 0,2703
IP, | 0,1605 | 0,1738 | 0,1682 | 0,1542 | 0,1375
1P, | 0,1358 | 0,1247 | 0,1031 | 0,0815 | 0,0633
IPs | 0,1111 | 0,0838 | 0,0576 | 0,0384 | 0,0256
IP, | 0,0864 | 0,0511 | 0,0281 | 0,0154 | 0,0087
IP; | 0,0617 | 0,0266 | 0,0112 | 0,0049 | 0,0019
P, | 0,037 | 0,0102 | 0,0031 | 0,0011 | 0,0004
IpP; | 0,0123 | 0,0020 | 0,0004 | 0,0001 0 Linguistic indicators of priorities
z 1 1 1 1 1 Fig. 2. The influence of iterations of the prioriti-

The proposed quantitative scale (column 3 of
Table 3) contributes to much greater sensitivity of

zation method on the nonlinearity and accuracy
of the normalized weight coefficients of priority
indicators: |-IV — method iteration numbers

priority measurements:
%:Z‘Zj‘j:mo, (14)
max 1 .
. By |_max By, :&20.2965:148.25. (13) o 5
Br. min ;. B 0.0020 which is 20 % better than result (5);
1; 1; I

Which is 16.5 (!) times better than the result ﬂﬁz 0.2311 _,
(7) obtained for linear LPp estimates. Br, 01738

Moreover, the quantitative estimates of the Br. 02311 (19)
ratio of linguistic IPs associated with the modifier 8 _= =1
“very” became noticeably more differentiated: ﬁ16 0.1247
SYSTEM ANALYSIS AND DECISION MAKING 73
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which is 17 % and 39 % better than the result (6),
respectively.

Thus, the effectiveness of introducing nonlin-
ear NWCs for the quantitative assessment of lin-
guistic IPs Saaty’s scale will be considered proven.

The next step of the research should be the
application of these coefficients to construct PCMs
of known MCDMPs and their solution.

CONCLUSIONS

Summarizing the new scientific results ob-
tained and presented in this publication on im-
proving the technology of constructing PCMs, and
therefore AHP as a whole, we will draw attention to
the following more important provisions.

1. The shortcomings of linear estimates of
LPyp_ linguistic IPs Saaty’s scale have been pro-
ven, which, despite the numerous positive results
of the use of AHP, does not allow us to consider
them optimal.

2. The Saati IP scale was considered as a ho-
listic 9-point scale with an obvious ranking of its
linguistic /P, components. This made it possible to
construct the PCM and apply the MoP to establish
nonlinear NWCs of linguistic IPs.

3. It was determined that the results of the se-
cond iteration of the MoP, which, on the one hand,
are nonlinear, and on the other hand, are more
acceptable for research purposes, are the results
of the NWC calculations.

4. In the Microsoft Excel software environment,
the results of the second iteration of the MoP were
described by a step function, which opened up
prospects for further analytical development of
the AHP application technology.

5. It was found that nonlinearity increased the
sensitivity of Saaty’s scale to the priority measure-
ment by 16,5 times. Quantitative estimates of the
ratio of linguistic IPs associated with the modifier
“very” improved in relation to the indicators es-
tablished in the linear scale: by 20 % for the ratio
IP IP, —IP4, and by 17 % and 39 % for the ratio
IP;—IP,and, IP;—IP, respectively.

6. Thus, a generalized positive conclusion can
be made regarding the solution of the tasks of this
publication, and therefore the achievement of its
goal.

Further research on the development of the
theory and practice of the application of AHP
should be carried out in the direction of verifying
the effectiveness of the results obtained, ﬂ/Pk i.e.,
by constructing the corresponding PCMs and re-
solving known MCDMPs.
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CATrAHOBCbBKA 1. A.

YTOYHEHHS HEJTIHIMHUX KIJIbKICHUX OLLIHOK IHAUKATOPIB NMEPEBAT LUKAJIU CAATI

Pe3iome. bynb-sknii e PeKTUBHUY MEHEAXMEHT CYrpOBOLAXYETLCS PO3B’a3aHHIM b6aratokputepianbHux (bK) 3a-
Aad npuiHaTTa piweHs (MNP). Cepea BianoBiaHWMX METOAIB | TEXHOJIOriV BXE A€KiNlbka AeCATUITb NpoBigHe MicLe
3a epeKkTUBHICTIO 3arimae metosa aHanidy iepapxivi (MAI), po3pobnenunii T. J1. Caari. Peanidauis MAI nonsrae y
BU3HAYE€HHI JTOKa/IbHUX BEKTOPIB NMPIOpUTETIB — HOPMOBaHUX BaroBux koeiuieHTis (HBK) — Ha BCix piBHSIX iepapxii
supitysaHoi BK 3agaui [P (311P). IxHivi noaanswmii cuHTe3 npu3BoanTs [0 106a1bHOro BEKTOpa — iHTerpaTuBHmNX
OLIHOK AOCIAXYBaHNX anbTepHaTnB, SKUM (i InLue SKum) npuramMaHHa CUCTEMHA B1aCTUBICTb EMEPLAXEHTHOCTI,
LLIO roJIerLuye rpyHTOBHUI BUOIP KpaLLoi 3 HuX.

lMonpy No3nTUBHI pe3ynbTaTty YNCesIbHUX AOCIAXEHb LWO040 3aCTOCYBAaHHS Ta BAOCKOHaAeHHs1 MAI, He3MiHHO
3anuiaeTbes notpeba nobynosu marpuui nonapHux nopisHsHe (MI1I1), po3B’s3aHHs skoi, BnacHe, i 3abe3neyye
oTpUMaHHs LykaHux npioputetie — HBK. 3a3HayeHa MIIT popmMyeTbCs Ha OCHOBI NMPSIMUX T 0OEPHEHUX JTIHIHUX
6asibHUX OLHOK — KiJIbKICHUX €KBIBasIeHTIB JIIHIBICTMYHUX iHAMKaTopiB nepesar (Il1), 1o GakTn4yHO € LUTYYHOIK
nigmMiHOIO BUMIPIB y 6anbHivi LKasi paHXupyBaHHs BUMIpaMu B iIHTepBasbHii. BianoBigHo, Taki pilueHHs1 He € orl-
TUMabHUMU, aaxe JiHIMHICTb HE € BJ1aCTUBICTIO JIIOACLKOrO MUCJ/IEHHS], & OpieHTaLis Ha Hei MoXe rnpu3BecTu 40
XNOHUX pe3ynbTarTiB.

PaHxunpyBaHHS niHreictnyHux I wkann Caati € o4eBugHUM, TOMY MatemMaTtuiHnmM MEeTOL4OM PO3CTaHOBKU
npioputeris (MPI1), Binomum y cucTeMHOMY aHanisi sik «3aaada rnpo nigepa», 6ysn0 oTpuMaHo HeniHiviHi HBK ycix
aes’satu I, BUMIDSIHUX yXe B yHikanbHili 3a KBaliMEeTPUYHUMU B1ACTUBOCTIMU abCOMOTHIV Lwkasni. O6rpyHToBaHo
NPUAHSATHICTL A4S AocnigxeHb pedynbstartiB Il itepadii MPIl. AHanitn4Huv ornuc 3a3HadyeHoi HeJliHiIHOCTI
34iCHEHO B CTYNEHEBIV LKasli. BCTAHOB/IEHO, L0 B/IACHE HENIHIMHICTb 306ibLumnaa YyTanBICTb LWKaanN 40 BUMIPDY
npioputeTtHocTi B 16,5 pa3a. KinbKiCHi OUiHKM CniBBiAHOLEHHS iHrBiCTUYHMX Il1, NoB’a3aHux i3 mogngikaropom
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“ayxe”, nokpawmnancs B nOPIBHSIHHI 3 NOKasHUKamu NiHiHoi wkann: Ha 20 % — anas cniBBigHoweHHs IP7-1P6,
i BignoBiaHo Ha 17 % i 39 % — gns cniBBigHoweHHs IP8—IP7 i IP8—IP6. Lle cBia4nTh npo BULLIMI PIBEHb rapMoOHi3awii
KinlbKICHO-5IKICHOI anekBaTHOCTI wkanu Caari.

Kno4oBi cnoBa: npuiiHaTTS pilleHb, MeTo4 aHanidy iepapxiv, wwkana Caarti, HeniHiviHa aegasungikayis
JIIHIBICTUYHUX IHAMKATOPIB NPIOpUTETIB, HOPMAasi30BaHi BaroBi koe@ilieHTu.
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