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CALCULATION OF INSURANCE PREMIUM RESERVES
FOR LIFE INSURANCE AND APPLICATION OF THE
ZILLMER METHOD AGAINST NEGATIVE RESULTS IN
THE FIRST YEAR

Abstract. The purpose of this article is to examine the application of the Zillmer method to mitigate or eliminate
the negative reserve that arises during the first year when expenses are charged to the insurance premium re-
serves calculated for life insurance. The net premium reserve for whole life insurance and term insurance types
has been calculated using both prospective and retrospective methods. The formulas for calculating the actuarial
present value of insurance payments (paid), life annuities, and premiums, which are the main components of
the insurance premium reserve, as well as substitution decrements and commutation functions, are provided.
Expenses affecting the reserve are classified as initial expenses (a), collection expenses (f), and administrative
expenses (y). The methodology for converting net premium reserves into gross premium reserves by charging
the a, B, and y expenses is presented. Various approaches of the Zillmer method have been analyzed to address
the negative premium reserve that arises in the first year when the commission, which is part of the initial expense
(o), is added.

Keywords: life insurance, prospective and retrospective methods, initial expense, annuity, net premium reserve,

Zillmer method.

INTRODUCTION

Life insurance is a type of insurance that pro-
vides compensation to individuals and their benefi-
ciaries in cases of death, disability, critical iliness,
or at the end of the insurance period, in exchange
for the payment of premiums over a specified pe-
riod. Unlike other types of insurance, the insurance
period for life insurance does not follow a short-
term structure; it typically spans 15-20 years and
sometimes even longer. Therefore, the economic
conditions prevailing at the time of signing the in-
surance contract may undergo significant changes
over time. These changes are particularly evident
during periods of high inflation, which can result
in the erosion of the value of insurance payments
and cause premiums to lose their intended func-
tions. Periods of high inflation, for various reasons,
are considered deterrent factors for long-term
life insurance. Most importantly, it is the continu-
ous loss of the value of money. For individuals,
paying insurance premiums with money that has
high purchasing power and, in return, receiving
life insurance payments in the future with money
whose purchasing power is uncertain throughout
the duration of the insurance contract, and whose
value and circumstances in the future are unknown,
is not appealing. Therefore, insurers were com-
pelled to seek new methods to eliminate these

negative factors and to enhance people’s interest
in life insurance. They needed to provide advan-
tages that would increase the sense of security for
insureds. Therefore, insurers, to protect insureds
from the diminishing value of money, directed the
annually calculated premium reserves towards
investments. The insurer would then allocate a
portion of the income generated from these invest-
ments to the insured at the end of the insurance
contract.

The insurer is also interested in calculating
a more adequate reserve instead of a negatively
calculated insurance premium reserve due to the
high risks associated with long-term life insurance
and the heavy responsibility it entails.

In life insurance, the insured pays a certain
insurance premium to the insurer each year, and
the insurer undertakes to pay the amount speci-
fied in the insurance contract to the insured (ben-
eficiary) or their heirs in the event of occurrences
such as death or disability. To fulfill its obligations
in a timely manner, the insurer creates a certain
amount of reserve from the collected insurance
premiums, and this reserve is referred to as the
premium reserve.

Every life insurance company establishes a
premium reserve for its long-term obligations. The
calculation formulas for mathematical reserves
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differ depending on the characteristics of various
types of insurance. Depending on whether the in-
surance company has historical data or is newly
established, the premium reserve is calculated us-
ing either the prospective or retrospective method.
Some countries of the European Union calculate
net premium reserves along with a separate loss
adjustment expense (LAE) reserve. However, in
many countries, including ours, the net premium
reserve is calculated first, and then the a, f, and
Y expense components are added to obtain the
gross premium reserve. Since the commission,
which is a primary component of the initial expense
(a), is charged, the first-year reserve of the gross
premium reserve often results in a negative value.
Since this problem has persisted over the years,
various studies have been conducted to address
it. In this article, we will explain that the most ef-
fective and impactful solution to this issue is the
Zillmer method.

LITERATURE REVIEW

According to Article 27 C (2) of the European
Union Directive No. 91/674/EEC (1991) insurance
companies operating in the field of life insurance
are required to calculate insurance premium re-
serves

In his book, Promislow (2014) demonstrates
the calculation of net premium reserves for life
insurance using both the prospective and retro-
spective methods.

In his book, Hans U. Gerber (2013) illustrates
the calculation of gross premium reserves by add-
ing expense components to net premiums for life
insurance. Additionally, he provides an explanation
of the Zillmer method to address negative reserves
and presents the calculation of a new a coefficient.

The German actuary, August Zillmer (1989),
proposed the method known as the Zillmer method
to address negatively calculated insurance pre-
mium reserves.

In recent years, researchers [2; 7-9] have uti-
lized Zillmer’s actuarial approaches to conduct
calculations that address the specific problems of
their countries, adapting them to meet the require-
ments of modern times. Researchers [7]. have
conducted a joint analysis using the Zillmer method
along with adequate premium reserve methods.
Researchers [8] have also compared the Zillmer
and Ohio methods in terms of insurance premium
reserves specific to their countries. They [2], have
analyzed joint life insurance contracts involving
middle-aged spouses using both the Zillmer and
Canadian methods. Researchers [9] have conduct-
ed an analysis of the Zillmer method to address
the negative premium reserves that calculated for
several years using the prospective method.

PROBLEM DEFINITION AND SOLUTION

When calculating the gross premium reserve
for long-term life insurance using the prospective
method, the reserve for the first year (and some-
times for several years) often results in a negative
value. In cases where the insurance premium re-
serve is negative, it is replaced by zero. The prima-
ry reason for the negative reserve in the first year
is the commission, which is the main component
of the initial expenses (a).

Since the commission is the amount paid
to insurance intermediaries at the time of sign-
ing the insurance contract, the insurer’s respon-
sibility increases due to the acquisition expense
incurred for attracting a new insured, in addition to
the insurance payments they are obligated to pay
for future risks. This additional burden appears as
a negative amount in the reserves. Furthermore, if
the insurer establishes an inadequate reserve, they
may lack resilience against future risks, thereby
significantly increasing the risk of insolvency.

To resolve this problem, instead of replacing
the negatively calculated reserve with zero, vari-
ous approaches of the Zillmer method should be
applied to calculate a more adequate insurance
premium reserve that does not result in a negative
value. Different approaches to the Zillmer method
are analyzed in this article.

METHODOLOGY

In this article, net premium reserves calculated
using prospective and retrospective methods, the
conversion of net premiums to gross premium re-
serve by adding expenses, and the approach of the
Zillmer method against the negatively calculated
gross premium reserve have been analyzed by
applying actuarial mathematics and calculations.

Calculation of net mathematical reserve
using prospective and retrospective methods

The insurance premium reserve for long-term
life insurance is calculated using both the prospec-
tive and retrospective methods. The calculation
of reserves varies depending on the types of life
insurance. The reserves for whole life insurance
and term life insurance (n-year life insurance) are
calculated using prospective and retrospective
methods.

According to the prospective method, the in-
surance premium reserve is calculated by finding
the difference between the actuarial present value
of the insurer’s future obligations and the actuarial
present value of the future premiums to be paid by
the insured. This method bases the calculation on
the obligations that will be fulfilled in the future,
and the estimation is made prospectively based
on future indicators.
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For a person aged x, the reserve for a whole
life insurance contract for the k-th year according
to the prospective method is calculated using the
following formula [6]:

kaZAx+k_Px*dx+k, (1)

Where:

kY — The insurance premium reserve at the
end of the k-th year for a whole life insurance con-
tract;

A4k — The calculated actuarial present value
of the insurance payments in the k-th year for a
person aged x under a whole life insurance con-
tract;

P, —The annual insurance premiums for a per-
son aged x;

dx+k — The actuarial present value of the an-
nuity at the beginning of the k-th year for a person
aged x;

P, * dy.x — The actuarial present value of the
insurance premiums to be paid by the person when
they reach age x+k in that year.

For a person aged x, the reserve for a term life
insurance contract with a duration of n years for
the k-th year according to the prospective method
is calculated using the following formula:

_ 1 1 .
Wrm = Az — Prm * Gxskn=k (2)

Since the k-th year in formulas (1.1) and (1.2)
represents any given year, we will calculate the re-
serve based on the initial point in time using com-
mutation and decrement functions. Here, we will
replace the indicators d, and 4, with the following
decrement functions [4]:

S L MR L P
—_— b

(3)
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A _Oxdy 9% xd g 403 xd g p
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- (4)
Where:

lx — the number of individuals alive at age x;

lx+1 — the number of individuals alive at age
x+1;

dx — the number of individuals who die at age
X,

dx+1 — the number of individuals who die at
age x+1,;

9 — the interest rate for calculating the present
value.

By multiplying the numerator and denominator
of the decrement functions (1.3) and (1.4) by 9 and
replacing [, * 9 = D, with d, * 91 = C, we derive
the following commutation functions:

o Ol Tl 49 2kl DyF+Dyy1+Dszt o Ny
= = —_—

x Xl Dy Dy
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_ Oxdy+9%xdy g1 +9%kdyat ¥ CxtCysr+Crpato _ My
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(6)
Let’s fully replace the indicators d, and 4, from

the main formula (1.1) with the commutation func-
tions from formulas (1.5) and (1.6):

Ay

.. - *
k%czAx+k_Px*ax+k=W' (7)

The actuarial present value of insurance pay-
ments, insurance premiums, and annuities, which
are the main components of the insurance pre-
mium reserves for whole life insurance and n-year
term life insurance, can be calculated using decre-
ment formulas.

The actuarial present value of insurance pay-
ments for whole life insurance A, and n-year term
life insurance (A}ﬁ) is calculated using the follow-
ing decrement formulas [5]:

Ay = X0 0% % 1Dy * Qe (8)

Aalﬁ = ané AR kPx * Qx+k > 9)

Where:

kPx — the probability that a person aged x will
survive until age x+k;

dx+k — the probability that a person aged x
will die in the x+k year;

9 — the interest rate used for calculating the
present value.

The actuarial present value of insurance an-
nuities for whole life insurance (d,) and rn-year term
life insurance (dz7) is calculated using the follow-
ing commutation and decrement functions [5]:

.. Ny 1 0 1 © n
ax_D_x—D_xZn=an_19x*lx*Zn=x19 *ln’
(10)
. Ny—N 1 —
lgm =~ 22 == YRTg 0  w Leyyee (1)
X X

The annual insurance premiums for whole life
insurance (P,) and n-year term life insurance (P;:—n)
are calculated as follows [1]:

A 1 Axm
P == (12) wva Pegm =72 (13)
[12% Axmn

The retrospective method for calculating the
insurance premium reserve is based on finding the
difference between the total value of the premiums
paid by the insured and the total value of the risks
undertaken by the insurer. This method is calcu-
lated according to past indicators.

For a person aged x, the reserve for a whole
life insurance contract for the k-th year according
to the retrospective method is calculated using the
following formula [6]:

(1+0)k _

kPx

Ve = Py * Sz — Arp (14)
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For a person aged x, the reserve for an n-year
term life insurance contract for the k-th year ac-
cording to the retrospective method is calculated
using the following formula:

(a+i)k

kPx

Wi = Ply = S5 — AL« , (15)

Where:

kal:—n — the insurance premium reserve at the
end of the k-th year for an n-year term life insur-
ance contract for a person aged x;

P)}:—n — the annual net insurance premium for
a person aged x for an n-year term life insurance
contract, payable upon death;

Sx% — the accumulated value of an annual
annuity paid at the beginning of each year by a
person aged x until the end of the k-th year;

A}m — the actuarial present value of the in-
surance payment made upon death for an n-year
term life insurance contract for a person aged x
during the k-th year;

(1 + i)* — the interest rate for the k-th year;

kPx — the annual net premium for the k-th year
for a person aged x.

When the actuarial mathematical reserve is cal-
culated as negative, this value is considered zero.

Conversion of net premium reserve to
gross premium reserve by expense loaded

The reserve calculated based on insurance
premiums is called the net premium reserve.
However, the insurance company is not only re-
sponsible for making insurance payments; it is
also accountable for covering all expenses re-
lated to the execution of insurance operations.
If only net premiums were collected from the in-
sureds, the insurance company would consistently
operate at a loss, ultimately leading to bankruptcy.
Therefore, the costs associated with carrying out
insurance operations under long-term life insur-
ance contracts are referred to as expense loading.
When expense loading is added to the net premi-
um reserve, it is referred to as the gross premium
reserve.

The composition of expense loading varies
depending on the country and the company. There-
fore, the expense items for long-term life insurance
contracts are approximately classified as a, f, y as
follows [4]:

o, — acquisition expenses or initial expenses;

S — collection expenses;

y — administration expenses;

o — acquisition expenses are specifically
related to the process of signing new insurance
contracts.

Also, since the expenses for attracting new
insureds are paid once at the time of signing the in-
surance contracts, they are often referred to as ini-

tial expenses. The a expense component includes
commission fees paid to insurance intermediaries
(commission), costs related to the preparation,
formalization, and registration of insurance con-
tracts, costs of medical examinations of potential
insureds, advertising expenses, and other related
expenses. Sometimes, only commission fees are
considered as a expenses. Commission is the
amount paid to insurance intermediaries when the
insurance contract is signed. This is an expense
deducted from the first insurance premiums.

The S expenses include renewal expenses
and maintenance expenses. Sometimes, com-
missions paid to insurance intermediaries at the
beginning of each insurance year for the collec-
tion of annual premiums are also included. These
expenses cover the costs associated with chang-
ing the beneficiary, implementing changes to the
terms of the insurance contract, expenses related
to correspondence with the insureds, and the costs
associated with the execution of the insurance
contract.

The y expenses are administrative expenses re-
lated to the operations of the insurance company.
Administrative expenses include salaries of staff,
payments for utility services, license fees, taxes,
rental payments, data processing costs, and other
related expenses.

When expenses are added to net premiums, it
is converted into the gross premium reserve. The
gross premium reserve (ka) at the end of the k-th
insurance year under the insurance contract can
be expressed by the following formula [4]:

ng = kV + kVa + kVy, (16)

Where:

KWVI — gross premium reserve at the end of
the k-th year;

xV — net premium reserve at the end of the k-th
year;

KV ¢ — premium reserve at the end of the k-th
year after applying a expenses (particularly, com-
mission);

VY — premium reserve at the end of the
k-th year after applying y administrative expenses.

In the above formula, the a initial expense and
y administrative expense components are directly
applied to the net premium reserve, while the g
collection expense is applied to the net premium
indirectly, thereby affecting the gross premium
reserve. The classification of these expenses may
vary depending on the company’s strategy.

Since the expenses considered within the
structure of expense loading are distributed over
time, it is necessary to discount them (bring them
to the present value) during the calculation pro-
cess.

INNOVATIVE ECONOMY
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Application of the Zillmer method to pre-
vent the negative reserve in the first year cal-
culated using the prospective method

When calculating the mathematical reserve
of long-term life insurance types using the pro-
spective method, the mathematical reserve at the
end of the first year is often negative. The primary
factor contributing to this negative value is the o
expense component. The main expense affecting
the a initial expense component is the commis-
sion paid to the insurance intermediary. In long-
term life insurance contracts where premiums are
paid periodically, the commission is not distributed
throughout the entire duration of the contract as
premiums are paid by the insureds. Instead, the
full commission is paid at the beginning of the in-
surance contract when the first premium is paid.
A large portion of the initial premium is paid as a
commission to the insurance intermediary. There-
fore, the initial premium loaded with acquisition
expenses (a expenses) is significantly smaller than
the subsequent premiums for that contract or can
even result in a negative value.

Additionally, when an insurance contract is ter-
minated prematurely, it is economically reasonable
to consider the negative impact created by the
commission, which is the primary component of
the a initial expense, on the insurance premium
when calculating the mathematical reserve. This
consideration ensures that there is no immediate
deficiency in the insurer’s account when making
refund payments.

The application of the Zillmer method to pre-
vent the negative reserve in the first year of in-
surance premium reserves calculated using the
prospective method for long-term life insurance
contributes to a more adequate reserve calcu-
lation. The main purpose of the Zillmer method
is to prevent the negative value of the insurance
premium reserve caused by the a initial expense
component, specifically the commission. This im-
pact of the Zillmer method on the premium reserve
can be demonstrated through various approaches:

¢ When calculating the insurance premium re-

serve, the commission expense within the o

initial expense during the first year can be

ignored. This is because the entire first year
premium is spent on covering initial expenses.

In other words, the Zillmer reserve is equivalent

to the net premium reserve for an insurance

contract that starts one year later and has a

term reduced by one year. The Zillmer reserve

protects the insurer from losses during the
early years of the contract when the insurance
contract is terminated prematurely, and refund

payments must be made. By not allocating a

reserve for an amount that does not actually

exist in the first year, and by directing this to
investments, the creation of an inflated amount
is prevented. In other words, by disregarding
the commission in the first year and treating
it as if the insurance contract starts one year
later, the insurance premium reserve is calcu-
lated accordingly.

e The commission within the a initial expense
can be calculated by treating it as a commis-
sion distributed over several years, like the S
collection expense. However, there is a differ-
ence between the commission in the « initial
expense and the commission in the £ collec-
tion expense. Since the commission in the a
initial expense is applied once from the first
premium, the reserve calculated during that
time results in a negative value. On the other
hand, the commission in the g collection ex-
pense is distributed gradually over the premi-
ums of subsequent years, contributing to the
calculation of a more adequate reserve. In the
Zillmer method, the total initial expenses can
be represented as I, a initial expense can be

expressed as P, + ai — I, and f can be repre-
sented as P, + L [3].
Ax

7 _ ..
k]/;c - Ax+k - .B * Axtk

kaZ =Aysx — (B + a_x) * Ay pge

The net premium reserve can be reduced in
advance by the actuarial present value of the a
initial expenses considered within the expense
loading portion of future premiums. The insurance
premium reserve calculated using the following
formula is called the Zillmer method or Zillmer re-
serve [7]:
kvl(z): Al a

x x+kn—k ~ 5_
Axm

pLl_

xtkn—k _ Fxm * OTkn—k
(18)
If the o coefficient, representing initial ex-
penses is sufficiently large, then the insurance pre-
mium reserve calculated using the Zillmer method
can be negative for the first few years of the insur-
ance contract [9]. Therefore, a maximum limit for
o is determined for each contract. The individual a
coefficient for each contract, based on its specific
characteristics, is calculated as follows [4]:

1Vem ,
(1= 1Vem)

* (]

a= (19)
Where:
o — the coefficient calculated individually
based on the characteristics of each contract;
1V&m — the net premium reserve calculated
for each contract.
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This a coefficient is calculated based on the
net premium reserve according to the character-
istics of each individual contract. The obtained
coefficient is then reapplied as an initial expense
coefficient to the net premium reserve to calculate
the gross premium reserve.

To prevent the reserve from becoming negative
during the initial years of calculation, the various
approaches of the Zillmer method described above
should be applied.

CONCLUSION

When calculating the net premium reserve us-
ing the prospective method for long-term life in-
surance and converting it into the gross premium
reserve by adding expenses, the reserve for the
first year often results in a negative value. Instead
of replacing this negative reserve with zero, the
approaches of the Zillmer method should be ap-
plied. A negative premium reserve in the first year
indicates that the insurer lacks an amount that can
be directed to investment on behalf of the insured.
For long-term life insurance contracts, the insurer
directs the gross premium reserve calculated an-
nually to investments and provides a portion of the
income obtained to the insured at the end of the
contract. Therefore, a negative reserve adversely
affects both the insurer and the insured.

The approaches of the Zillmer method can
contribute to the calculation of an adequate re-
serve instead of negatively impacting the insurance
premium reserve when the commission, which is
the main component of the a initial expense, is
applied in the following ways:

1. Ignoring the « initial expense during the cal-
culation of the insurance premium reserve in the
first year for long-term life insurance types.

2. Considering commission within the o initial
expense as a commission distributed over several
years, like the f collection expense, starting from
the next year.

3. Calculating a new a coefficient based on
the individual characteristics of each life insurance

Ap3y Oorpy kuan F'YCEMHOBA, 1-p ekoH. Hayk, npod.

Adet TACAHOBA, nokTopaHT

contract, particularly in cases where the a initial
expense is excessively high.

These approaches prevent the insurance pre-
mium reserve from being negative, enabling the
insurer to apply appropriate methods based on
the available indicators, calculate a realistic re-
serve, and maintain stability in fulfilling its obliga-
tions.
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PO3PAXYHOK PE3EPBIB CTPAXOBUX NPEMIN 31 CTPAXYBAHHA XXUTTA
TA SACTOCYBAHHSA METOAY UIJIMEPA 3 METOIO YCYHEHHA HETATUBHUX

PE3YJIbTATIB Y NEPLUUMA PIK

Pe3tome. MeToro uiei cTatTi € 4ocniaxeHHs1 3aCToCyBaHHSI MeToay Llinmepa A5 nom’skiweHHst abo yCyHEeHHs He-
ratMBHOro Pe3epBy, L0 BUHUKAE MPOTIrOM epLUIOro POKy, KO BUTPATU 3apaxoByOThCS A0 PE3EPBIiB CTPaxoBoi
npemii, Lo po3paxoBaHi A5 CTPaxyBaHHS XUTTS. YucTtuii pe3eps rnpemivi 3a 4OroBopamMu CTpaxyBaHHS XUTTS Ta
TEPMIHOBOIro cTpaxyBaHHsI OOYMCJIEHO 3 BUKOPUCTAaHHSIM SIK ME€PCEKTUBHUX, TakK | PeTPOCNEeKTUBHUX METOAIB.
HaBeneHo ¢popmynn asisi pO3paxyHKy akTyapHOIi TenepilHbOi BaPTOCTi CTPAaxoBuX BHECKIB (Cria4yeHunx), 4OBIYHNX
aHyiTeTiB i NpPemivi, SKi € roao0BHUMN KOMIMOHEHTAMU PE3EPBY CTPAxoBOi npemii, a Takox GyHKUii kKomyTauii Ta
JAEKPEMEHTIB 3aMilLLieHHSI. BUTpartu, Lo BrinBaKTh HA PE3EPB, KaacnugikoBaHO sK no4aTtkosi Butpatu (o), Butpa-
TV Ha 306ip (f) Ta agmiHicTpaTusBHi BuTpatu (y). OnucaHoO MeTOA0J/I0ri0 NepeTBOPEHHS Pe3epBiB YNCTOI npemii
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y pe3epB BaJsioBOi Npemii LWiassxom ypaxyBaHHs BUTpar a, f 1a y. [lpoaHanizoBaHo pi3Hi nigxoan metoay Llinmepa
00 YCYHEHHS HEeratuBHOIo pe3epBy Nnpemil, Lo BUHVKAE B NepLUni pik 4epes [oaaBaHHs KOMICIVIHOI BUHaropo-
AU, siIKa € 4aCTUHOIO r104aTkoBuX BUTPAT (a,).

KnioyoBi cnoBa: ctpaxyBaHHS XUTTS, MPOCHEKTUBHUI i PETPOCMEKTUBHUIA METOAM, NOYaTKOBI BUTPATH, aHyiTerT,
peseps ynctoi npemii, metoq Linmepa.
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